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Genetic Search—An Approach to the
Nonconvex Optimization Problem

P. Hajela*
University of Florida, Gainesville, Florida

Principles of genetics and natural selection are adapted into a search procedure for function optimization.
Such methods are based on a randomized selection from that restricted region of the design space that yields an
improvement in the objective function. Their lack of dependence on function gradients makes these methods less
susceptible to pitfalls of convergence to a local optimum. An implementation of the approach to a class of
problems in structural optimization with demonstrated nonconvexities or disjointness is discussed in the paper.
These examples suggest the effectiveness of the proposed method for such problems. The principal drawback of
the method is an increase in function evaluations necessary to locate an optimum. Possible strategies to

overcome this limitation are presented.

Introduction

ATHEMATICAL nonlinear programming algorithms

provide a significant capability for the automated opti-
mal structural design problem. Several recent publications at-
test to the generality and versatility of these algorithms in the
design of structures subjected to both static and dynamic
loads.'-* Typical optimum designs require a minimization or
maximization of a stated objective and simultaneous satisfac-
tion of several design constraints. The more efficient nonlinear
programming algorithms for this class of problems are gradi-
ent-based, and require at least the first derivative of the objec-
tive function and constraints with respect to the design vari-
ables.> Such ““hill-climbing’’ algorithms are extremely efficient
in locating a relative optimum closest to the starting point in
the design space. In designs applications where the design
space is known to be nonconvex, the optimum may be ob-
tained by starting the search from several initial points in the
design space. Even then, no guarantee exists of obtaining the
global optimum,

There is a critical need to examine alternate strategies for
optimal design that are not susceptible to the pitfalls of meth-
ods of nonlinear programming, and the present paper is per-
ceived as an attempt in this direction. Genetic search methods
provide such a capability, and their successful adaptation and
implementation in a series of optimal design problems, with
either disjoint or nonconvex design spaces, is the subject of the
present paper.

The development of the field of genetic algorithms is gener-
ally attributed to Holland.® However, ideas of analysis and
design based on biological evolution may be traced to the early
efforts of Rechenberg.” These methods have since been
adapted for a large number of applications in game theory,
induction systems, and other aspects of human cognition, such
as pattern recognition and natural language processing.’-!!
Such algorithms are generally regarded in the same category of
stochastic search methods as simulated annealing,'? in that
both approaches have their basis in natural processes (simu-
lated annealing derives from principles of statistical mechan-

Received March 2, 1989; revision received Sept. 11, 1989. Copyright
© 1989 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

*Associate Professor, Department of Aerospace Engineering, Me-
chanics and Engineering Science. Member ATAA.

ics). The potential of genetic algorithms as function optimizers
has been a subject of more recent interest and is examined
closely in the present paper in the context of structural opti-
mization.

Genetic search methods have their philosophical basis in
Darwin’s theory of survival of the fittest.”* A set of design
alternatives representing a population in a given generation is
allowed to reproduce and cross among the alternatives, with
bias allocated to the most fit members of the population.
Combination of the most desirable characteristics of mating
members of the population results in progeny that are more fit
than the parents. Hence, if a measure that indicates the fitness
of a generation is also the desired goal of a design process,
successive generations produce better values of the objective
function. An obvious advantage in this approach is that the
search is not based on gradient information, and has, there-
fore, no requirements on the continuity or convexity of the
design space.

The literature in structural design contains numerous exam-
ples of problems for which the design space is either disjoint or
nonconvex. Admittedly, some of these problems are rather
contrived. However, most are physically realistic, and must be
approached by methods that represent a departure from the
traditional gradient-based algorithms that are widely used.
Some specific examples of such problems are encountered in
optimal configuration and layout,’ in beam grillage struc-
tures,!’ and in structures that are subjected to harmonic loads
and sized explicitly for dynamic response constraints. %17 Sub-
sequent sections of the paper present a description of the ge-
netic search algorithm, including its principal components and
the commonly accepted terminology. Implementation of the
method on a series of problems drawn from the literature
serves to illustrate both the advantages and shortcomings of
the proposed approach. A discussion of current work aimed at
enhancing the efficiency of the method and expanding its ap-
plicability in structural design is also included.

Elements of Genetic Search

In Holland’s® original work, genetic algorithms were charac-
terized by bit string representations of possible solutions to a
given problem, and by transformations used to vary and im-
prove these coded solutions. An analogy may be drawn with
the natural process of reproduction in biological populations,
where genetic information stored in chromosomal strings
evolves over generations to adapt favorably to a static or
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changing environment. This chromosomal structure represents
the generational memory, and is altered when members of the
population reproduce. The three basic processes that affect the
chromosomal makeup in natural evolution are inversions of
chromosome strings, an occasional mutation of genetic infor-
mation, and a crossover of genetic information between the
reproducing parents. The last process is an exchange of genetic
material between the parents, and allows for beneficial genes
to be represented in the progeny. Genetic algorithms, in a
manner similar to their natural counterpart, use chromosome
type representations of possible solutions of the problem to
search for improved solutions.

There are essentially three basic components necessary for
the successful implementation of a genetic algorithm. At the
outset, there must be a code or scheme that allows for a bit
string representation of possible solutions to the problem.
Next, a suitable function must be devised that allows for a
ranking or fitness assessment of any solution. The final, and
perhaps most significant component, is the development of
transformation functions that mimic the biological evolution
process when applied to a population of chromosomal repre-
sentation of solutions to the problem. Central to these compo-
nents are questions pertaining to optimal population sizes,
lengths of chromosome strings, and frequency with which the
transformation functions are invoked. Some aspects of these
problems are presented in Ref. 18. These issues are best dis-
cussed by relating them to a physical design problem.

Let us consider the design of a statically loaded three-mem-
ber truss for minimum weight, with constraints on allowable
values of stress levels in the members. The design variables are
the three cross-sectional areas of the bar elements. To obtain
a bit string representation for the problem, each cross-sec-
tional area can be expressed as a fixed length string of 0’s and
1’s that comprise components of a binary coded number.
Other representation codes are possible, although the binary
representation was used in the present work. For purposes of
discussion, we chose the representation code as a 10-digit bi-
nary number, with maximum and minimum values of the de-
sign variable corresponding to the maximum and minimum of
the binary number. Such a bit string representation is as fol-
lows:

Al = 0000000000

Al = 1111111111

A linear scaling can be introduced to convert intermediate
values of the binary number into design variable values. Three
such binary numbers, each corresponding to a design variable,
are then placed end-to-end to create a 30-digit string (string
length = 30) of 0’s and 1’s. This 30-digit string represents one
design of the three-member truss. A sequence of such strings
can be introduced to construct a population of designs, with
each design having a corresponding fitness factor. This fitness
factor could be a function of the sum of the structural weight
of the design and a penalty associated with any constraint
violation in the design. :

Once a population of designs is generated—and this could
be known designs or designs generated at random—the genetic
search can proceed to produce new designs with a higher level
of fitness than members of the current population. The first
concept in this process is one of reproduction, which is primar-
ily meant to bias the population to contain more fit members
and to eradicate the less fit ones. A discussion on how this is
implemented in the current work is postponed until a later
section.

The second component of genetic search is referred to as
crossover, and corresponds to allowing select members of the
population to exchange characteristics of the design among
themselves. Crossover entails selecting a start and end position
on a pair of mating strings at random, and simply exchanging
the string of 0’s and 1’s between these positions on one string
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with that from the mating string. This is akin to transfer of
genetic material in biological reproduction processes facili-
tated by DNA strings. For string lengths of 20, and crossover
sites indicated by an underline, two parents cross to produce
two new members. This is illustrated as follows:

Parent 1 = 11011001111001100001
Parent 2 = 00110010101011100011
Child 1 =11010010101011100001

Child 2 = 00111001111001100011

Mutation is the third concept in the genetic refinement pro-
cess, and is one that safeguards the process from a complete
premature loss of valuable genetic material during the repro-
duction and crossover. Stated in terms of the problem under
discussion, this corresponds to selecting a few members of the
population, determining at random a location on the strings,
and switching the 0 or 1 at that location.

The steps described above are repeated for successive gener-
ations of the population, until no further improvement in the
fitness is attainable. The member in this generation with the
highest level of fitness is the optimal design. Implementation
of this basic approach for the work reported in this publication
is presented in the following section. However, before pro-
ceeding with a discussion of the implementation, it is impor-
tant to draw a distinction between the proposed method and a
random walk or random search method. The latter generally
reduces to an exhaustive enumeration of the design space.
Even adaptive random search methods, which identify favor-
able regions of the design space, essentially search from a point
in the design space. In contrast, the method described here
simply uses random choice as a tool to manipulate and direct
the search in a region that is most likely to contain the global
optimum. Furthermore, the search is conducted from a series
of design points simultaneously.

Implementation of Genetic Search

A Dbetter understanding of the three basic transformations
corresponding to reproduction, crossover, and mutation may
be obtained by describing simplistic implementations of each.
We assume that a scalar measure of fitness (such as the one
described in the previous section) has been assigned and a
population pool has been fully characterized. The definition of
the population pool includes a specification of the total num-
ber of strings in the population, the length of each string, and
the maximum number of generations over which the popula-
tion is allowed to evolve. Additional parameters that must be
defined are probabilities of crossover and mutation in the
evolution process, p. and p,,. Studies by DeJong!® show that
values of p. and p,, of 0.6-0.8 and 0.01-0.02, respectively,
perform adequately for most problems.

Let the fitness associated with the 7th string be denoted by
Jfi- We can obtain a sum of these fitness values as f,,, = Lf;.
The ratio of individual fitness to the fitness sum denotes a
ranking of that string in the population. This ratio is used to
construct a weighted roulette wheel, with each string occupy-
ing an area on the wheel in proportion to this ratio. The wheel
is then employed to determine the strings that participate in the
reproduction. A random number generator that determines a
pseudorandom number between 0 and 1 is invoked to deter-
mine the location of the spin on the roulette wheel. Other
forms of string selection are currently under implementation,
and will be reported elsewhere. Pairs of strings selected in this
manner are denoted as a mating pair, which is then subjected
to operations of crossover and mutation to produce a pair of
offspring.

Clearly, the selection process in reproduction is biased to-
wards strings with better fitness in the population. The
crossover transformation is then invoked on the mating pair.
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Since crossover is possible with a probability of p. only, the
decision to actually carry out the operation is made on the
basis of a biased coin toss. If a crossover is confirmed by this
operation, another random number generator, which returns
integer numbers between 1 and stringlength-1, is invoked to
determine the crossover sites. The string of numbers between
these sites are simply swapped between the parents, as illus-
trated in a previous section, to create the offspring. The final
step is that of mutation and is conducted on a bit-by-bit basis.
Once again, the probability of this event is prescribed in p,,,
and a biased coin toss is used to determine if this operation
must be carried out. If the coin toss calls for a mutation, the
0 or 1 at that site is simply reversed.

This operation is repeated until the total number of strings
equals the specified population size. General questions per-
taining to the desirability of a fixed population size are cur-
rently under study, but do not affect the results presented
herein. A code for this implementation of the genetic al-
gorithm was developed in FORTRAN. The program is fairly
modular and needs external routines that provide population
fitness statistics. For the purposes of using this algorithm in
structural optimization, it was linked with a finite element
analysis program EAL? through a series of pre- and post-pro-
Cessors.

With the description of the data structures and transforma-
tion operators central to the genetic algorithm complete, one
can proceed to write a concise mathematical statement of the
optimization problem. In weight minimization problems of the
type discussed in this paper, a typical problem statement is as
follows:

Minimize W(d) 1)
Subject to g; <0, J=12,...,m )
andd! =d;,<d?, i=12,...,n 3)
In the present work, the constraints were appended to the
objective function W(d) in the form of a penalty function
defined as follows:

Wid)=W(d)+ R+*E<g;>?

Jj=12,....m )
<g;>=g if gi>0
=0 ifg; <0 &)

Here, R is a penalty multiplier that was chosen in successive
generations to make the penalty term of the same order of
magnitude as the weight. The minimization of weight is con-
verted to a fitness maximization problem by defining a trans-
formation W*(d) of the form

Wd) = Wyax — W(d) V)

where W,,,, is chosen to be greater than the largest W'(d) in
the population; W*(d) is the fitness of any string.

Nonconvex Problems in Structural Design

The genetic algorithm implementation was successful on a
wide range of structural design problems. Results of this study,
including extensive numerical experimentation with the al-
gorithm parameters and a more rigorous mathematical treat-
ment of the subject are presented in Ref. 21. Discussions in this
paper are restricted to those problems that were used to assess
the applicability of the proposed method in the optimal design
of structures with known nonconvexities in the design space.

The first problem is a two-beam grillage structure (Fig. 1)
subjected to distributed static loads. The design variables are
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the cross-sectional areas of each beam X;. These are related to
the moments of inertia I; and section modulus Z;, by empirical
relations obtained by Clarkson.!’

Z; = (X,/1.48)'%2 0
I, = 1.007(X,/1.48)>65 ®

The beams were sized for minimum weight to accommodate
constraints on allowable stresses o* at the center point and at
the location of maximum bending moment along the span.
Thus, there are four constraints in the problem with two design
variables. The design space for this two-beam grillage is shown
in Fig. 2. The nonconvexity in the design space is clearly evi-
dent.

A second test problem involves a two-element thin-walled
cantilever torsional rod (Fig. 3) subjected to sinusoidal excita-
tion. The wall thickness of each element # was chosen as the
design variable for the problem. The rod was sized for mini-
mum weight with constraints on the maximum stresses pro-
duced during the dynamic torsional displacement. In the ab-
sence of damping, the design space is disjoint (Figs. 4 and 5),
as a natural frequency of the structure close to the forcing
frequency would produce an unbounded response. The dis-
joint design space is defined in the following expressions for
the stress constraints:

8 =1~ (5i/Spax ) ®
where
$1/Smax = 3Tuta(1 — No)/ 10)
59/ Smax = Tu[BNety + 1(1 — 2NV 1t an
g = HIH( = 2N — 66X, — 3X2)] (12)

Here A, is a nondimensional measure of the forcing frequency,
t;is the thickness of the ith element, and T, is a function of the
amplitude of the torsional load. This problem was first dis-
cussed by Johnson.!® Depending on the natural frequencies of
the initial structure, the starting design would be in one of
these pockets. A nonlinear programming algorithm converges
to the best design inside that pocket.

A third test problem is an extension of the dynamic response
problem to a ten-bar truss, shown in Fig. 6. A modal superpo-
sition approach was used to obtain the damped dynamic re-
sponse of the structure to a harmonic excitation. Design vari-
able linking shown in Table 1 was used to reduce the number
of design variables in the problem to five. These design vari-
ables were cross-sectional areas of the bar elements and were
sized for minimum weight, with constraints on the maximum

20.0 ksi
30000.0 psi-

"=
£ =

1.0 f

T T AT TT
/Z 120 7/

Fig.1 A two-beam grillage structure.
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Fig. 2 Nonconvex design space for the grillage structure (Ref. 15).

Fig. 3 A cantilever torsional rod.

allowable vertical displacements at node 3. The time-variant
behavior of the displacements was accommodated in the de-
sign constraints by adopting a conservative upper-bound ap-
proximation proposed by Mills-Curran.!” In this problem, the
design space is no longer disjoint, as structural damping pre-
cludes an unbounded response. However, large responses in
regions where the natural frequencies of the structure and the
forcing frequency coincide results in severe nonconvexities.

Discussion of Results

The problems described in the previous section were solved
using an implementation of the genetic search algorithm dis-
cussed earlier. The first problem was the two-beam grillage
subjected to a uniformly distributed load. Crossover and mu-
tation probabilities of 0.8 and 0.009, respectively, were used in
the problem. Two distinct cases, with fixed population sizes of
60 and 70, and with each member of the population repre-
sented by a 60-digit string of 0’s and 1’s, were implemented in
the computer runs. For a two-design variable problem, the
latter translates into each cross-sectional area represented by a
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Fig. 4 Disjoint design space for the torsional rod (A, = 0.1666667,

Ref. 16).
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Fig. 5 Disjoint design space for the torsional rod (A, = 0.0416667,
Ref. 16).

Table 1 Design variable definition and final designs
for the ten bar truss

Design variable Element connectivities Final design-in.2

1 1-2, 5-6 0.6061
2 2-3, 4-5 0.6397
3 2-5,3-4 3.6671
4 1-5, 2-6 0.8405
5 2-4, 3-5 4.3016

30-digit binary coded number. The four stress constraints were
appended to the objective function by an initial penalty param-
eter R =1000. In subsequent runs, this parameter was in-
creased to a value of 100,000. The initial population was se-
lected at random, and maximum and minimum values of the
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Fig. 7 Convergence histories for the grillage structure.

design variable of 30 in.? and 0.05 in.2 were specified. In order
to express the weight minimization as a fitness maximization
problem, the value of W, was chosen as 10,000 initially, and
after 10 generations of evolution, was reduced to 5000.

For both population sizes, a converged result was obtained
in about 20 generations. Figure 7 shows typical convergence
trends for the maximum fitness, the population average fit-
ness, and the objective function over the generations of evolu-
tion. The sharp drop in the average fitness at the eleventh
generation is due to a quantum increase in the penalty param-
eter at that step. A design close to the actual optimum is
located rather early in the search process. The optimal design
is clearly approached from the infeasible side.

For the second example of a torsional shaft subjected to a
harmonic excitation, two design variables were coded for
string representation in an identical manner to the first prob-
lem. Here, a fixed population size of 70 was chosen for the
runs. The penalty parameter was modified from an initial
value of R = 100 to R = 10,000 over 30 generations of evolu-
tion. The probabilities for crossover, mutation, and W,,,, were
kept the same as in the previous problem.

Two cases of initial populations were obtained at random,
one by choosing the maximum and minimum values of the
design variables as 2.5 in. and 0.04 in. and the other as 10.0 in.
and 0.04 in., respectively. Results for these cases were obtained
at two different values of A\, = 1/6 and A\, =1/24, and are
summarized in the convergence histories shown in Figs. 8-10.
Figure 10 shows an evolution towards an infeasible design in
the first few generations. Significant increase in the penalty

T
] 4 -] 12 16 20 24 28
Ganaration Number

Fig. 8 Convergence histories for the torsional rod (fmax = 2.5 in.,
tmin = 0.04 in., A, = 0.1666667).
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Fig.9 Convergence histories for the torsional rod (fmgc = 10 in.,
tmin = 0.04 in., A, = 0.1666667).

parameter corrects this drift back to the feasible side. How-
ever, this initial drift towards an infeasible design was directed
in the vicinity of the globally optimal design.

The final example is the ten-bar truss, sized for a dynamic
displacement constraint. A sinusoidal load of amplitude
F =5x10° 1bs and at a frequency of 14.14 rad/s was applied
in the vertical direction at node 3. The first four modes of the
undamped structure were used in a modal superposition ap-
proach to determine the displacement response. A structural
damping of g = 0.01 was assumed in the problem, as was an
allowable displacement of 0.05 in. A fixed population size of
70 was chosen for the problem, and a starting population was
initialized at random. The five cross-sectional area dimensions
had prescribed minimum and maximum values of 0.04 in.? and
20 in.?, respectively. The penalty parameter R was chosen as in
the second example, as were the probabilities of crossover and
mutation. The parameter W,,,, was selected as 10,000 and kept
constant for the entire run. The convergence history for the
best weight in any given generation is as shown in Fig. 11. The
design variables corresponding to the optimal design are
shown in Table 1.
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Fig. 11 Convergence history for the ten-bar truss example.

Concluding Remarks

The proposed paper presents an adaptation of genetic al-
gorithms to the optimal structural design environment. Ge-
netic algorithms provide a significant capability for optimal
sizing of structural systems. The principal advantages of the
approach reside in the fact that no gradients are required in the
search process, and, hence, the method is not susceptible to
pitfalls of the nonlinear programming hill-climbing schemes.
It is important to recognize that even though the method is not
plagued by the typical pitfalls of the hill-climbing schemes, it
does not guarantee location of the global optimum. Unlike the
nonlinear programming approach, the increased dimensional-
ity, due to additional design variables and constraints, does
not impose a proportional computational cost. The number of
function analyses necessary is directly dependent upon the
population size. In the problems attempted in this work, for an
average population size of 70, and a typical requirement of 6-7
generations for locating the region of the optimum, approx-
imately 450 function analyses were required. Two to three
times the number of such analyses are typically required to
obtain a fully converged optimum design. These advantages
have been demonstrated by numerical experimentation on
problems with known nonconvex and disjoint design spaces.

Extension of this work to large-scale structural systems with
discrete design variables, for multiobjective design, and appli-
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cations in shape synthesis are currently under study. Numeri-
cal experimentation has shown that computational require-
ments for the method can be severe. However, the method has
been shown to quickly identify the region of the global opti-
mum. A hybrid scheme that switches from the genetic search
to a conventional nonlinear programming approach after a
few generations has shown promise in preliminary implemen-
tations. Another strategy, wherein the response variables are
simply treated as additional design variables and the analysis
equations as equality constraints, has also been successful in
reducing computational requirements in simple problems.?!
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